Abstract. In this paper we study fundamental geometric properties of doubly warped product immersion which is an extension of warped product immersion. Moreover, we study geometric inequality for doubly warped products isometrically immersed in arbitrary Riemannian manifolds.
Introduction
Warped products were first defined by Bishop and O'Niell in [1] . O'Niell discussed warped products and explored curvature formulas of warped products in terms of curvatures of components of warped products in [8] . B. Y. Chen [3, 2] studied the fundamental geometry properties of warped product immersions. In general, doubly warped products can be considered as a generalization of singly warped products [10, 11] . A. Olteanu [7] , S. Sular and C.Özgür [9] and K. Matsumoto in [5] extended some properties of warped product, submanifolds and geometric inequality in warped product manifolds for doubly warped product submanifolds into arbitrary Riemannian manifolds. In this paper, we extend some properties of warped product immersion obtained in [3] , geometric inequality and minimal immersion problem studied in [2, 7] to doubly warped product.
Preliminary
Let N 1 and N 2 be two Riemannian manifolds equipped with Riemannian metrics g 1 and g 2 , respectively, and let f 1 and f 2 be a positive differentiable functions on N 1 and N 2 , respectively. The doubly warped product N 1f 2 × f1 N 2 is defined to be the product manifold N 1 × N 2 equipped with the Riemannian metric given by
where π i : N 1 × N 2 → N i is the natural projections. We denote the dimension of N 1 and N 2 by n 1 and n 2 , respectively. In particular, if f 2 = 1 then N 11 × f1 N 2 = N 1 × f1 N 2 is called warped product of (N 1 , g 1 ) and (N 2 , g 2 ) with warping function f 1 . For a vector field X on N 1 , the lift of X to N 1f 2 × f1 N 2 is the vector field X whose value at each (p, q) is the lift X p to (p, q). Thus the lift of X is the unique vector field on N 1f 2 × f1 N 2 that is π 1 -related to X and π 2 -related to the zero vector field on N 2 . For a doubly warped product N 1f 2 × f1 N 2 , let D i denotes the distribution obtained from the vectors tangent to the horizontal lifts of N i .
Lemma 2.1. Let N = N 1f 2 × f1 N 2 be a doubly warped product of Riemannian manifolds N 1 and N 2 . If we put U i = −grad((ln f i )oπ i ) then the Levi-Civita connection ∇ and curvature tensor R of the doubly warped product is related to the Levi-Civita connection ∇ 0 and curvature R 0 of the direct product of (N 1 , g 1 ) and (N 2 , g 2 ) equipped with the direct product metric g 0 = g 1 + g 2 by
where X i is the N i -component of X and X ∧ Y is defined by
Let φ : N → M be an isometric immersion of a Riemannian manifold N into a Riemannian manifold M . The formulas of Gauss and Weingarten are given respectively by
for all vector fields X, Y tangent to N and η normal to N , where ∇ denotes the Levi-Civita connection on M , h the second fundamental form, D the normal connection, and A the shape operator of φ : N → M . The second fundamental form and the shape operator are related by A η X, Y = h(X, Y ), η , where , denotes the inner product on M .
The equation of Gauss of φ : N → M is given by
If a Riemannian manifold M is of constant curvature c, we have
The mean curvature vector H is defined by H = 1 n trace h. For a normal vector field η on N, if A η = λI for some λ ∈ C ∞ (N ), then η is called an umbilical section, or N is said to be umbilical with respect to η. If the submanifold N is umbilical with respect to every local normal vector field, then N is called a totally umbilical submanifold.
A submanifold N is called minimal in M if the mean curvature vector of N in M vanishes identically. A submanifold in a Riemannian manifold is called totally geodesic if its second fundamental form vanishes identically.
Let φ : N → M be an isometric immersion and f ∈ C ∞ (M ). We denote by ∇f and Df the gradient of f and the normal component of ∇f restricted on N , respectively.
Let ψ a differential function on a Riemannian n-manifold N . Then the Hessian tensor field of ψ given by
and the Laplacian of ψ is given by
where e 1 , . . . , e n is an orthonormal frame field on N . If ∆ψ = 0, then ψ is called harmonic. We denote by K(X ∧ Y ) the sectional curvature of the plane section spanned by X, Y .
Lemma 2.2 ([4]
). Every minimal submanifold N in a Euclidean space E m is non-compact.
Lemma 2.3 ([4]
). Every harmonic function on a compact Riemannian manifold is a constant.
Lemma 2.4 (Hopf 's lemma. in [4] ). Let M be a compact Riemannian nmanifold. If ψ is a differentiable function on M such that ∆ψ ≥ 0 everywhere on M (or ∆ψ ≥ 0 everywhere on M ), then ψ is a constant function.
Isometric immersion of a doubly warped product
Let φ : N 1f 2 × f1 N 2 → M be an isometric immersion of a doubly warped product N 1f 2 × f1 N 2 into a Riemannian manifold M . Let h i denote the restriction of the second fundamental form to D i , i = 1, 2. Denote by trace h i the trace of h i restricted to N i , i.e.,
for an orthonormal frame fields e 1 , . . . , e ni of D i .
The partial mean curvature vector H i is defined by 
given by φ(x 1 , x 2 ) = (φ 1 (x 1 ), φ 2 (x 2 )) is an isometric immersion, which is called a doubly warped product immersion
be a doubly warped product immersion between two doubly warped product manifolds. Then 1. φ is mixed totally geodesic.
2. The squared norm of the second fundamental form of φ satisfies
where n 1 = dimN 1 and n 2 = dimN 2 . Equality holds if and only if φ 1 : N 1 → M 1 and φ 2 : N 2 → M 2 is both totally geodesic immersions. Proof. Denote by ∇ 0 and ∇ the Levi-Civita connections of N 1 × N 2 equipped with the direct product metric and with doubly warped product metric, respectively. Similarly, denote by ∇ 0 and ∇ the Levi-Civita connections of M 1 × M 2 equipped with the direct product metric and with doubly warped product metric, respectively. From (2.1) for vector fields X, Y ∈ D 1 and Z, W ∈ D 2 we obtain.
Denoted
The restriction of h 0 to D i , i = 1, 2 are the second fundamental form of
1. This follows from equation (3.9).
2. Let e i ∈ D 1 , i = 1, . . . , n 1 and e α ∈ D 2 , α = n 1 + 1, . . . , n 1 + n 2 be orthonormal frame fields of N 1f 2 × f1 N 2 . 
is totally umbilical with mean curvature vector given by
if and only if φ 1 : N 1 → M 1 and φ 2 : N 2 → M 2 are totally umbilical with mean curvature vectors given by −D ln ρ 1 and −D ln ρ 2 , respectively.
Proof. Assume that φ :
is a totally umbilical immersion with mean curvature vector given by
From (3.7) and (3.8) we get and φ 2 are given by n −1
Proof. Let e i ∈ D 1 , i = 1, . . . , n 1 and e α ∈ D 2 , α = n 1 + 1, . . . , n 1 + n 2 be orthonormal frame fields of (3.7) and (3.8) implies that Remark 3.6. If φ i is a minimal immersion and f i , i = 1, 2 is a positive constant, then φ i is a minimal immersion.
The shape operator of φ satisfies
⊥ . Where A, D and A 0 , D 0 are the shape operators and normal connections of a doubly warped product immersion φ = (φ 1 , φ 2 ) : N 1f 2 × f1 N 2 → M 1ρ 2 × ρ1 M 2 and the shape operator normal connection of the corresponding direct product immersion φ = (φ 1 , φ 2 ) :
By applying (3.7), (3.8), (3.9) and (2.4) we obtain
Now, our assertion is clear.
A doubly warped product manifold M 1ρ 2 × ρ1 M 2 is called a doubly warped product representation of a real space form R m (c) of constant sectional curvature c if the doubly warped product M 1ρ 2 × ρ1 M 2 is an open dense subset of R m (c).
n1f1 − c)Y. Corollary 3.9. The two partial mean curvature vectors H 1 and H 2 are perpendicular to each other if and only if the warping functions f 1 and f 2 satisfy 
Inequalities in doubly warped product manifolds
A. Olteanu [7] and S. Sular and C.Özgür [9] studied a geometric inequality and minimal immersion problem. By applying the above mentioned results we reach to the following propositions.
totally geodesic immersion satisfying n 1 H 1 = n 2 H 2 , where H i , i = 1, 2, are the partial mean curvature vectors of N i .
be an isometric immersion of a doubly warped product N 1f 2 × f1 N 2 into a real space form R m (c) of constant curvature c., and the warping functions f 1 and f 2 are eigenfunctions of the Laplacian on N 1 and N 2 with eigenvalues n 1 c 2 and n 2 c 2 , respectively, Then, the equality holds in Proof. Assume that φ : N 1f 2 × f1 N 2 →M is an isometric minimal immersion of a doubly warped product N 1f 2 × f1 N 2 into a Riemannian manifoldM . If f 1 and f 2 are harmonic functions on N 1 and N 2 , respectively, then inequality (4.1) implies maxK ≥ 0 on the doubly warped product N 1f 2 × f1 N 2 . This shows that N 1f 2 × f1 N 2 does not admit any isometric minimal immersion into a any Riemannian manifold of negative curvature. WhenM is a Euclidean space(c = 0) the minimality of N 1f 2 × f1 N 2 and the harmonicity of f 1 and f 2 imply that the equality in (4.2) holds identically. Thus, the immersion is mixed totally geodesic.
Corollary 4.5. Let N 1f 2 × f1 N 2 be a doubly warped product of two Riemannian manifolds whose warping functions f 1 and f 2 are harmonic functions and one of N i , i = 1, 2 is compact. Then every isometric minimal immersion from N 1f 2 × f1 N 2 into a Euclidean space is a warped product immersion.
Proof. Let φ : N 1f 2 × f1 N 2 → E be an isometric minimal immersion and N 2 be compact. Since f 2 is harmonic, by applying lemma 2.3 and the compactness of N 2 , we know that f 2 is a positive constant. Therefore, the doubly warped product N 1f 2 × f1 N 2 can be expressed as a warped productÑ 1 × f1 N 2 wherẽ N 1 = N 1 , equipped with the metric f 2 2 g 1 which is homothetic to the original metric g 1 on N 1 . Now, Theorem 5.2 in [2] implies that φ is a warped product immersion.
Proposition 4.6. If f 1 and f 2 are eigenfunctions of the Laplacian on N 1 and N 2 with eigenvalues n 1 λ and n 2 λ, λ > 0,(or with eigenvalues λ) respectively, then N 1f 2 × f1 N 2 does not admit an isometric minimal immersion into any Riemannian manifold of non-positive curvature.
